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The eﬀects of thermal radiation and viscous dissipation on magneto-hydrodynamic (MHD) unsteady free-convection
ﬂow over a semi-inﬁnite vertical porous plate are analysed. The ﬂuid considered is non-gray (absorption coeﬃcient depen-
dent on wave length). The Network Simulation Method is used to solve the boundary-layer equations based on the ﬁnite-
diﬀerence formulation; only discretization of the spatial co-ordinates is necessary, while time remains as a real continuous
variable. This method provides a solution for both transient and steady-state problems at the same time, and programming
does not require manipulation of the sophisticated mathematical software that is inherent in other numerical methods. The
velocity, temperature, local skin-friction and local Nusselt number are studied for diﬀerent parameters, including the radi-
ation parameter, Eckert number, magnetic number and suction (or injection).
 2006 Elsevier Inc. All rights reserved.
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Magneto-hydrodynamic (MHD) free convection of a viscous ﬂuid along a heated semi-inﬁnite wall must be
studied if we are to understand the behaviour of ﬂuid motion in many applications, as, for example, in MHD
electrical power generation, geophysics, astrophysics, etc. Numerous investigations have been realised in the
presence of a magnetic ﬁeld; for example, Elbashbeshy [1] studied the eﬀect of the temperature-dependent
viscosity and thermal diﬀusivity along a vertical plate, while Ganesan and Rani [2] solved the unsteady free-con-
vection ﬂow over a vertical cylinder. However, neither of these papers take into account the viscous dissipation.
The eﬀect of radiation on MHD ﬂow and heat transfer must be considered when high temperatures are
reached. El-Hakiem [3] studied the unsteady MHD oscillatory ﬂow on free convection-radiation through a
porous medium with a vertical inﬁnite surface that absorbs the ﬂuid with a constant velocity. Ghaly [4]0307-904X/$ - see front matter  2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.apm.2006.08.004
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Nomenclature
B0 magnetic induction (kg s
2 A1)
C capacitor (F)
Cfx local skin-friction coeﬃcient
cp speciﬁc heat (J kg
1 K1)
ebk Planck’s function and
Ec Eckert number
g acceleration due to gravity (m s2)
G control-voltage current-source
Gr Grashof number
j heat ﬂux density (W m2)
J electric current (A)
k thermal conductivity (W m1 K1)
Kkw mean absorption coeﬃcient
L length of the wall (m)
M magnetic parameter
Nux local Nusselt number
qr radiation heat ﬂux density (W m
2)
Pr Prandtl number
R resistor (X)
R radiation parameter
t time (s)
T temperature (K)
u,v velocities (m s1)
U,V dimensionless velocities
V voltage (V)
V0 suction parameter
W number of cells direction Y
x axial co-ordinate (m)
X dimensionless axial co-ordinate
y co-ordinate perpendicular to x (m)
Y dimensionless co-ordinate perpendicular to X
Z number of cells direction X
Greek symbols
a diﬀusivity (m2 s1)
b volume expansion coeﬃcient (K1)
h dimensionless temperature
DX axial thickness of the cell
DY radial thickness of the cell
k wave length (lm)
l dynamic viscosity (kg m1 s1)
q density (kg m3)
r ﬂuid electrical conductivity (kg1 m s3 A2)
s dimensionless time
t kinematic viscosity (m2 s1)
u constant
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Subscripts
b black
i associated with i nodal point
j associated with j nodal point
w wall
1 condition at the free stream
J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033 2021employed a symbolic computation software Mathematica to study the eﬀect of radiation on heat and mass
transfer over a stretching sheet in the presence of a magnetic ﬁeld. Raptis et al. [5] studied the eﬀect of radi-
ation on 2D steady MHD optically thin gray gas ﬂow along an inﬁnite vertical plate, taking into account the
induced magnetic ﬁeld. Israel-Cookey et al. [6] researched the inﬂuence of viscous dissipation and radiation on
unsteady MHD free-convection ﬂow past an inﬁnite heated vertical plate in a porous medium with time-
dependent suction. Abd El-Naby et al. [7] employed an implicit ﬁnite-diﬀerence method to study the eﬀect
of radiation on MHD unsteady free-convection ﬂow past a semi-inﬁnite vertical porous plate but did not take
into account the viscous dissipation.
Numerical technique used is the network simulation method (NSM hereafter), a method previously used to
solve the heat transfer conduction equation, employing the electro-analogy analogy, see Gonza´lez-Ferna´ndez
and Alhama [8] or Alhama et al. [9] who obtained a numerical solution for the heat conduction equation with
the electro-thermal analogy. The present study extends this concept to simulate the momentum balance and
continuity equation by means of the electro-motion analogy, where the electric variables, voltage (V) and elec-
tric current (J), are equivalent to velocity and velocity ﬂux, respectively. This method does not require conver-
gence criteria to solve the ﬁnite-diﬀerence equations resulting from discretization of the partial diﬀerence
equations of the mathematical model, since this work is done by using a very common program which sim-
ulates electrical circuits (Pspice [10]); moreover, time remains as a continuous variable in the model, ﬁnite-dif-
ference schemes only being necessary for the spatial variable.
Various studies have been carried out using NSM; for example, Zueco et al. [11] employed it to solve the
transient heat transfer problem referring to a fully laminar ﬂow developing in ducts. Zueco and Campo [12]
solved the transient radiative transfer between the thick walls of an enclosure by means of a new network
model. Zueco and Alhama [13] developed an algorithm to estimate the surface emissivity versus temperature
of solids of variable thermal properties.
The aims of the present investigation were: (i) to develop a new electrical analogy to apply to the NSM, (ii)
to design a suitable network model to model the equations of the unsteady problem (MHD free convection
ﬂow past a semi-inﬁnite vertical porous plate), with the ﬂuid considered non-gray (absorption coeﬃcient
dependent on wave length), and ﬁnally (iii) to study the eﬀects of thermal radiation, viscous dissipation, suc-
tion/injection and magnetic ﬁeld. Numerical calculations are performed for various values of non-dimensional
parameters principals, radiation, magnetic, suction velocity and Eckert number. The results are given for the
velocity ﬁeld distribution, thermal ﬁeld distribution, local Nusselt number Nux and local skin-friction number
Cfx. The results are compared with those reported by Abd El-Naby [7].2. Mathematical model
Consider the magneto-hydrodynamic unsteady heat transfer by natural convection of an electrically con-
ducting viscous ﬂuid along a semi-inﬁnite vertical porous plate coinciding with the plane y = 0, where the ﬂow
is conﬁned to y > 0. At t = 0 the plate and ﬂuid are the same temperature T1 (free stream temperature), while at
time t > 0 the plate is subjected to a uniform magnetic ﬁeld of strength B0 in the direction normal to the surface.
Viscous dissipation in the energy equation is considered and the induced axial magnetic ﬁeld is taken to be
negligible compared with the applied magnetic ﬁeld B0 because the magnetic Reynolds number is assumed to
2022 J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033be small. The eﬀect of Hall currents is not taken into account. All ﬂuid properties are considered to be con-
stant, except for the density variation which induces the buoyancy force.
The ﬂuid considered is non-gray, because the absorption coeﬃcient is dependent on wave length. Eq. (1)
represents the conservation of radiative transfer in a unit volume, for all wave length, considering an optically
thin ﬂuid exchanging radiation with an isothermal ﬂat plate (see [14,7]):r  qr ¼ 4
Z 1
0
KkðT Þ½ebkðT Þ  ebkðT wÞdk: ð1ÞThe following expression can be obtained if the Planck’s function, ebk, and the mean absorption coeﬃcient,
Kk(T) = Kkw, are expanded in Taylor series around the average value of the porous plate temperature, Tw,
for small (T  Tw). Substituting in Eq. (1)r  qr ¼ 4CðT  T wÞ: ð2Þ
BeingC ¼
Z 1
0
Kkwðoebk=oT Þwdk: ð3ÞUnder these assumptions and Boussinesq’s approximation, the ﬂow is governed by following system of
equations:
Continuity equation:ou=oxþ ov=oy ¼ 0: ð4Þ
Momentum equation:q½ou=ot þ uou=oxþ vou=oy ¼ lo2u=oy2 þ bgqðT  T1Þ  urB20: ð5Þ
Energy equation:oT =ot þ uoT=oxþ voT=oy ¼ ao2T=oy2 þ t=cpðou=oyÞ2  4CðT  T wÞ ð6Þ
with the following initial and boundary conditions:t 6 0; u ¼ 0; v ¼ 0; T ¼ T1; ð7aÞ
t > 0; u ¼ 0; T ¼ T w at x ¼ 0; ð7bÞ
t > 0; u ¼ 0; v ¼ v0; T ¼ T w at y ¼ 0; ð7cÞ
t > 0; u ¼ 0; T ! T1; as y !1; ð7dÞwhere u and v denote he velocity components in the x- and y-direction, respectively, x being vertically upwards
and y the co-ordinate perpendicular to x, t the time, b the volume expansion coeﬃcient, q the density, cp the
speciﬁc heat, k the thermal conductivity, a the thermal diﬀusivity, l the dynamic viscosity, t the kinematic vis-
cosity, r the electric conductivity, B0 the applied magnetic ﬁeld and v0 the normal velocity at the plate, which is
positive for suction and negative for blowing.
The above equations are written in a non-dimensional form by employing the following boundary-layer
dimensionless variables:X ¼ x=L; U ¼ Gr1=2uL=t; Y ¼ Gr1=4y=L; s ¼ Gr1=2tt=L2; h ¼ ðT  T1Þ=ðT w  T1Þ;
Gr ¼ gbL3ðT w  T1Þ=t2; M ¼ rB20L2Gr1=2=l; R ¼ 4CL2Gr1=2=t; Ec ¼ t2L2=cpðT w  T1Þ; ð8Þwhere K is the permeability parameter, R the radiation parameter, Gr is the Grashof number, Ec is the Eckert
number and M is the magnetic parameter.
Then, the governing equations reduce to the following non-dimensional boundary-layer equations, taking
into account the expression (5):
J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033 2023oU=oX þ oV =oY ¼ 0; ð9Þ
oU=osþ U oU=oY þ V oU=oY ¼ o2U=oY 2 þ hMU ; ð10Þ
oh=osþ Uoh=oY þ V oh=oY ¼ Pr1 o2h=oY 2 þ EcðoU=oY Þ2  Rðh 1Þ; ð11Þwhere Pr = t/a is the Prandtl number. The dimensionless initial and boundary conditions becomes 6 0; U ¼ V ¼ h ¼ 0; ð12aÞ
s > 0; U ¼ h ¼ 0 at X ¼ 0; ð12bÞ
s > 0; U ¼ 0; V ¼ V 0; h ¼ 1 at Y ¼ 0; ð12cÞ
s > 0; U ¼ h ¼ 0 as Y !1; ð12dÞwhere V0 = Gr
1/4v0L/t is the suction parameter.
Taking the length of the semi-inﬁnite plate to be L = 1, a rectangular region is considered, with X varying
from 0 to 1 and y varying from 0 to Ymax = 8.4, where X = L corresponds to the height of the plate and Ymax is
regarded as1 at which lies well outside the momentum and energy boundary layers. It is necessary divide the
rectangular region into Z and W grid-spacing, with DX = L/Z and DY = Ymax/W. In this work, we select
Z = 15 and W = 40.
3. Numerical procedure: network simulation method
The origin of this method is the theory of electric circuits, more speciﬁcally electro-thermal analogy (RC
analogy). Electrical and thermal systems are said to be analogous if they are formulated in the same domain
with similar equations and identical initial and boundary conditions. Jakov [15] presented the basic equations
that sustain the electro-thermal analogy for applications of unsteady heat conduction. With this philosophy
the energy boundary-layer equation has been treated, although it is necessary to extend the electro-thermal
analogy if the momentum balance and continuity balance (the others equation of the boundary-layer equa-
tions) are to be treated. In this new analogy, the variable voltage (V) is equivalent to velocities (u,v), while
the variable electric current (J) is equivalent to the velocity ﬂuxes. A dimensionless momentum balance
(Eq. (5)) in a typical cell i, j yields the genetic relation,q½dui;j=dt þ ui;jDui;j=Dxþ vi;jDui;j=Dy ¼ Dju=Dy ¼ ðju;iDy  ju;iþDyÞ=Dy þ bgqðT i;j  T1Þ; ð13Þ
where ju,iDy and ju,i+Dy are the velocities ﬂuxes entering and leaving the cell i, j as depicted in Fig. 1. These can
be obtained by means of the expressionju;iDy ¼ lðui;j  ui;jDyÞ=ðDy=2Þ: ð14ÞFig. 1. Physical scheme of the problem.
2024 J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033A list of thermal, motion and electrical parameters is given in Table 1. This method has been applied suc-
cessfully to a great variety of linear and non-linear transport problems [9,11–13]. The discretization of the
boundary-layer equations is based on the ﬁnite-diﬀerence formulation, and only a discretization of the spatial
co-ordinates is necessary, time remaining as a real continuous variable. NSM simulates the behaviour of
unsteady electric circuits by means of resistors, capacitors and non-linear devices that seek to resemble thermal
systems governed by unsteady linear or non-linear equations. This method permits the solution for both tran-
sient and steady-state problems at the same time, and its programming does not require manipulation of the
sophisticated mathematical software that is inherent in other numerical methods.
When in an equation in derived partial one double discretization becomes, space and temporary, the partial
derived ones by ﬁnite approaches are replaced in fact that they lead to a set of algebraic equations. For the
numerical solution of these equations a suitable software is used, generally a software incorporating a math-
ematical language. This procedure is the base of the well-known numerical methods of ﬁnite diﬀerences, ﬁnite
elements and ﬁnite volumes for solving the EDP. Already mentioned, the model is elaborated in network
through space, not temporal, discretization. This is an essential diﬀerence between the most classic methods
and the NSM. It should be mentioned that both the method of lines (MOL), Liskovets [16], Schiesser [17],
and the transversal method of lines (TMOL), Rothe [18], Liskovets [16], Rektorys [19], follow strategies sim-
ilar to those of the NSM. In the ﬁrst case (MOL), the space variable is discretized to solve be solved the system
of diﬀerential equations in ﬁnite diﬀerences, with time as a continuous variable, using suitable mathematical
software; in the second, case the time variable is discretized while the space variable remains continuous; in
this case, too, mathematical software adapted to solving the system of diﬀerential equations in ﬁnite diﬀer-
ences is used.
Both methods follow similar strategies (Alhama [20]). MOL beneﬁts from recent advances in the resolution
of EDO by computer, while NSM makes use of advances made in the resolution of electric circuits by com-
puter. To observe the diﬀerences between both methods it is necessary to write the EDP of the problem in the
form:Table
Electri
Param
Therm
Tempe
Heat ﬂ
Therm
Motion
Veloci
Veloci
Motio
Electri
Voltag
Curren
Resistafi½U; oU=ot; o2U=ot2; oU=od; o2U=od2; o2U=ðoTodÞ; d; t ¼ 0; ð15Þ
where
d independent variables related with position
t independent variables related with time
U dependent variable functions of d and t
fi (i = 1,2, . . .) functions of d, t and U and the partial derivatives.
For MOL spatial discretization permits the above EDP set to be converted into an EDO system that is inte-
grated to provide U and the partial derivatives.1
cal analogy: thermal and motion quantities
eter Unit
al quantity
rature (T) K
ux density (jh) W m
2
al resistance (Rth) K m
2/W
quantity
ty (u) m s1
ty ﬂux (ju) kg m
1 s2
n resistance (Ru) s m
2/kg
cal quantity
e (E) V
t (I) A
nce (R) X
J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033 2025For NSM the EDP have the form:fi½U; oU=ot; o2U=ot2; j; oj=od; oj=ðotÞ; d; t ¼ 0; ð16Þ
where j(d, t) = oU(d, t)/od.
Accordingly, the fundamental diﬀerence between both methods is that, the EDP are formulated with the
variables U(d, t) in the MOL, while in the NSM they are formulated with the conjugate variables U(d, t)
and j(d, t). This implies that:
• The EDO should be planned diﬀerently, that may be important in their numerical solution.
• The solutions for the NSM will be U(d, t) and j(d, t), which is very interesting for when j is important in the
problem.
If j(d, t) = oU(d, t)/od is not a deﬁnition, but a physical relation between variables deﬁned independently, the
network can be considered as an alternative description of the system. If, furthermore, j corresponds to a ﬂux
of transport of a given magnitude, the elements of the circuit and some parameter derivates of the whole of the
network (for example the impedance) may have a meaning physically equivalent to that in the transport of the
electrical charge. In such cases, it is obvious that the NSM provides more information that the strict numerical
response of the system.
3.1. Design of the network model
Two circuits (Fig. 2a and b) are developed for each non-dimensional boundary-layer equation. The whole
network must be converted into a suitable program that is solved by a computer code (electric circuits simu-
lator), Pspice [10]. The ﬁnite-diﬀerence diﬀerential equations resulting from dimensionless continuity, momen-
tum balance, energy balance and mass balance equations areðUiDX ;j  UiþDX ;jÞ=DX þ ðV i;jDy  V i;jÞ=ðDY =zÞ ¼ 0; ð17Þ
DY dUi;j=dsþ Ui;jDY ðUiþDX ;j  UiDX ;jÞ=DX þ V i;jðUi;jþDY  Ui;jDY Þ
¼ ðUi;jDY  Ui;jÞ=ðDY =2Þ  ðUi;j  Ui;jþDY Þ=ðDY =2Þ þ DY hi;j  DYMUi;j; ð18Þ
DY dhi;j=dsþ Ui;jDY ðhiþDY ;j  hiDY ;jÞ=DX þ V i;jðhi;jþDY  hi;jDY Þ
¼ ðhi;jDY  hi;jÞ=ðPrDY =2Þ  ðhi;j  hi;jþDY Þ=ðPrDY =2Þ þ EcðUi;jþDY  Ui;jDY Þ2=DY  DYRðhi;j  1Þ:
ð19ÞDeﬁning the currents:
(i) Momentum balancejU ;i;jþDY ¼ ðUi;j  Ui;jþDY Þ=ðDY =2Þ; ð20aÞ
jU ;i;jDY ¼ ðUi;jDY  Ui;jÞ=ðDY =2Þ; ð20bÞ
jUh;i;j ¼ DY hi;j; ð20cÞ
jUM ;i;j ¼ DYMUi;j; ð20dÞ
jUx;i;j ¼ Ui;jDY ðUiþDX ;j  UiDX ;jÞ=DX ; ð20eÞ
jUy;i;j ¼ V i;jðUi;jþDY  Ui;jDY Þ; ð20fÞ
jUs;i;j ¼ DY dUi;j=ds; ð20gÞ
where jU,i,j+DY and jU,i,jDY are the currents that leave and enter the cell for the friction term of U, jUh,i,j
the current due the buoyancy term, jUx,i,j and jUy,i,j are the currents due the inertia term of U and V,
respectively, jUM,i,j includes the eﬀect of the magnetic ﬁeld, while jUs,i,j is the transitory term. The currents
jU,i,j+DY and jU,i,jDY are implemented by means of two resistances Ru,i,j±DY of values ‘‘DY/2’’; while the
currents jUh,i,j, jUM,i,j, jUx,i,j and jUy,i,j are implemented by means of voltage control current generators
Ui-1-ΔX,j = Ui-ΔX,j
ΔX
X
i+
ΔX
,j
X
i,j
RU,i,j-ΔY
Yi,j+ΔY
Yi,j
Yi,j-ΔY
jUθ,i,j
Ui,j
ΔY
Ui,j+1-ΔY= Ui,j+ΔYUi,j-1+ΔY = Ui,j-ΔY
jU,i,j 
jU,i,j+1-ΔY = jU,i,j+ΔY
 jU,i,j-1+ΔY = jU,i,j-ΔY
CU,i,j
RU,i,j+Δy
GUθ,i,j
X
i-Δ
X
,j
GU,ΔX,i,j
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{vi,j, Ui,j+ΔY, Ui,j-ΔY}
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 {Ui,j}
jUMi,j 
θi-1-ΔX,j =θi-ΔX,j 
ΔX
x
i+
ΔX
,j
x
i,j
Rθ,i,j-ΔY
yi,j+ΔY
yi,j 
yi,j-ΔY
jθ,i,j 
θi,j 
ΔY
θi,j+1-ΔY=θi,j+ΔYθi,j-1+ΔY =θi,j-ΔY
jθτ,i,j 
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θi+1+ΔX,j =θi+ΔX,j
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Fig. 2. Nomenclature and network model of the control volume: (a) momentum balance equation and (b) energy balance equation.
2026 J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033GUhC,i,j, GUM,i,j, GU,DY,i,j and GU,DY,i,j. The control actions are ‘‘DYhi,j’’, ‘‘DYMUi,j’’, ‘‘Ui,jDY
(Ui+DX,j  UiDX,j)/DX’’ and ‘‘(Ui,j+DY  Ui,jDY)’’, respectively, with Ui,j+DY and Ui,jDY the voltages
(velocities) of the nodes ‘‘i, j + DY’’ and ‘‘i, j  DY’’ in the cell of the momentum equation, while Ui,j
is the velocity in the centre of this cell (i, j). jUs,i,j is implemented by means of one capacitor of value
Cu,i,j = DY, connected to the centre of each cell.
J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033 2027(ii) Energy equationjh;i;jþDY ¼ ðhi;j  hi;jþDY Þ=ðPrDY =2Þ; ð21aÞ
jh;i;jDY ¼ ðhi;jDY  hi;jÞ=ðPrDY =2Þ; ð21bÞ
jh;i;j ¼ EcðUi;jþDY  Ui;jDY Þ2=DY ; ð21cÞ
jhx;i;j ¼ Ui;jDY ðhiþDY ;j  hiDY ;jÞ=DX ; ð21dÞ
jhy;i;j ¼ V i;jðhi;jþDY  hi;jDY Þ; ð21eÞ
jhR;i;j ¼ DYRðhi;j  1Þ; ð21fÞ
jhs;i;j ¼ DY dhi;j=ds; ð21gÞ
where jh,i,j+DY and jh,i,jDY are the currents that leave and enter the cell due to the transversal conduction,
jh,i,j the current due to the viscous dissipation, jhx,i,j and jhy,i,j are the currents due the convective terms U
and V, respectively, while jhR,i,j correspond to the radiative term and jhs,i,j is the transitory term. The cur-
rents jh,i,j+DY and jh,i,jDY are implemented by means of two resistances Rh,i,j±DY of values ‘‘PrDY/2’’;
the currents jh,i,j, jhx,i,j, jhy,i,j and jhR,i,j are implemented by means of voltage control current generators,
Gh,i,j, Gh,DX,i,j, Gh,DY,i,j and GhR,i,j respectively; these voltages are ‘‘Ec(Ui,j+DY  Ui,jDY)2/DY’’, ‘‘Ui,jDY
(hi+DY,j  hiDY,j)/DX’’, ‘‘Vi,j (hi,j+DY  hi,jDY)’’ and ‘‘DYR(hi,j  1)’’, respectively; with hi+DX,j, hiDX,j,
hi,j+DY and hi,jDY the voltages (temperature) of the nodes ‘‘i + DX, j’’, ‘‘i  DX, j’’, ‘‘i, j + DY’’ and
‘‘i, j  DY’’ in the cell of the energy balance, while hi,j is the temperature in the centre of the cell i, j. jhs,i,j
is implemented by means of one capacitor of value Ch,i,j = DY, connected to the centre of each cell.From the ﬁnite-diﬀerence equation corresponding to Eq. (17) the velocity component Vi,j can be obtained:V i;j ¼ V i;jDY þ ðUiDX ;j  UiþDX ;jÞDY =ðuDX Þ; ð22Þ
where u is a constant of value 2 for X = 0 and of value 1 for X > 0. Eqs. (18) and (19) can be written in the
form of Kirchhoﬀ’s law:jU ;i;jþDY  jU ;i;jDY  jUh;i;j þ jUM ;i;j þ jUx;i;j þ jUy;i;j þ jUs;i;j ¼ 0; ð23Þ
jh;i;jþDY  jh;i;jDY  jh;i;j þ jhx;i;j þ jhy;i;j þ jhR;i;j þ jhs;i;j ¼ 0: ð24ÞTo implement the boundary conditions, it is only necessary to use one device, constant voltage sources of
values null and V0. All kinds of boundary conditions can be considered, because Pspice has many devices to
simulate these conditions. As regards the initial condition, the null voltages are applied to the two capacitors,
Cu,i,j and Ch,i,j.
4. Results
Fig. 3a and b shows the transient (s = 1.0) and steady-state velocity proﬁles (U) and temperature proﬁles (h)
at the upper end of the wall (X = 1) for air (Pr = 0.70) with no viscous dissipation considered (Ec = 0), no
magnetic ﬁeld applied (M = 0) and impermeable surface (V0 = 0). These ﬁgures also show the results obtained
by Abd El-Naby et al. [7] for comparison in steady-state. The excellent degree of agreement of the present
results with those of these authors using a fully implicit ﬁnite-diﬀerence scheme can be appreciated. To obtain
the steady-state, the condenser of the network merely has to be omitted. The eﬀect of the thermal radiation is
also analysed in these ﬁgures, where it can be seen that an increase in the radiation parameter R leads to an
increase of both velocity and temperature. This result qualitatively agrees with expectations, since the eﬀect of
radiation and surface temperature is to increase the rate of energy transport to the ﬂuid, thereby increasing the
temperature of the ﬂuid.
In this same ﬁgure the eﬀects of the magnetic parameter (M = 1) and of suction/injection are studied. The
presence of a magnetic ﬁeld in an electrically conducting ﬂuid tends to produce a body force against the ﬂow.
This type of resistive force tends to slow down the motion of the ﬂuid in the boundary layer which, in turn,
reduces the rate of heat convection in the ﬂow, and this involves an increase in the temperature. It is observed
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Fig. 3. Eﬀect of thermal radiation on the dimensionless velocity and temperature proﬁles for air (Pr = 0.70) at X = 1, with Ec =M = V0=
0, for s = 1 and steady-state. Eﬀect of magnetic parameter (M = 1) and of the suction/injection. Comparison of the results with Ref. [7]. (a)
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2028 J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033that when the wall suction (V0 > 0) is considered, this causes a decrease in the momentum and thermal bound-
ary layer thickness, and both the velocity and temperature ﬁelds are reduced. However, contrary behaviour is
observed if wall injection (V0 < 0) is considered.
Fig. 4a and b shows the transient (s = 1.0, 2.0 and 4.0) and steady-state velocity proﬁles (U) and
temperature proﬁles (h) at the upper end of the wall (X = 1), for air (Pr = 0.70) with magnetic ﬁeld applied
(M = 1.0) and suction (V0 = 0.1) and various values of the viscous dissipation parameter (Ec = 0 and
2.0). It can be observed that both velocity and temperature increase with time to reach maximum values
and then decrease to reach the steady-state. Moreover, an increase in the Eckert number Ec leads to an
increase in both velocity and temperature. The rise of the temperature is due to the heat created by viscous
dissipation.
For practical applications, the principal physical quantities of interest in heat transfer include the local skin-
friction coeﬃcient and the local Nusselt number, which can been expressed as:Cfx ¼ Gr3=4 oUoY
 
Y
¼ 0; ð25Þ
Nux ¼ XGr
1=4
hw
oh
oY
 
Y¼0
: ð26ÞFig. 5 shows the evolution of the local skin-friction coeﬃcient (CfxGr
3/4) along the distance X for air
(Pr = 0.70), with M = 1, R = 0.04 and various values of Ec (0, 1.0 and 2.0) and for suction (V0 = 0.1) and
blowing (V0 = 0.1). Local skin-friction values are higher at the upper end of the wall (X = 1). It can be seen
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Fig. 4. Eﬀect of the viscous dissipation on the dimensionless velocity and temperature proﬁles for air (Pr = 0.70) at X = 1, with R = 0.02,
M = 1.0, V0 = 0.1, for various values of s. (a) Velocity proﬁles and (b) temperature proﬁles.
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J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033 2029that an increase in the Eckert number leads to an increase in local skin-friction. Besides, the eﬀect of the suc-
tion parameter V0 on the local skin-friction coeﬃcient is analysed, it is observed that CfxGr
3/4 increases with
increasing the suction parameter V0.
Fig. 6 shows the axial evolution (X-direction) of the local skin-friction coeﬃcient for air (Pr = 0.7) with
V0 = 0.1, R = 0.04, for various values ofM (0 and 2.0) and of Ec (0, 1.0 and 2.0). The local skin-friction coef-
ﬁcient decreases as the magnetic ﬁeld parameterM increases, and the Eckert number Ec decreases. However, it
can be appreciated that for M = 2, the eﬀect of the viscous dissipation is less important.
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2030 J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033Fig. 7 shows the axial evolution (X-direction) of the local skin-friction coeﬃcient for air (Pr = 0.7) with
V0 = 0.1, M = 1.0, for various values of R (0.05 and 0.1) and of Ec (0, 1.0 and 2.0). As in the previous cases,0.5
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J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033 2031greater local skin-friction can seen at the upper end of the wall (X = 1) and an increase in the Eckert number
leads to an increase of the local skin-friction. Besides, the local skin-friction increases as the thermal radiation
increases.
Fig. 8 shows the eﬀect of viscous dissipation on the evolution of the local Nusselt number in direction X for
air (Pr = 0.7), with R = 0.04,M = 1.0 and diﬀerent values (0, 1.0 and 2.0) of Ec and of V0 (0.1 and 0.1). We
can see that an increase in the Eckert number leads to a decrease in the local Nusselt number. Beside, as in the
previous case seen in Fig. 5, it is observed that CfxGr
3/4 increases with increasing the suction parameter V0.
The presence of viscous dissipation may lead Nux to increase with X to reach a maximum value and then
decrease to X = 1; in this case Nux is not greater at the upper end of the plate (X = 1).
Fig. 9 shows the axial evolution (X-direction) of the local Nusselt number for air (Pr = 0.7) with V0 = 0.1,
R = 0.04, for various values of M (0 and 2.0) and of Ec (0, 1.0, 2.0 and 3.0). For the same value of the mag-
netic parameter, M, the local Nusselt number decreases as the Eckert number increases. In the absence of vis-
cous dissipation, an increase in the magnetic parameter leads to a decrease in Nux. The presence of a magnetic
ﬁeld will inhibit the ﬂuid motion in view of the decrease in the momentum boundary layer thickness; besides,
the temperature ﬁeld increases and then decreases the gradient at the wall and increases thickness of the ther-
mal boundary layer. This causes a decrease in heat transfer from wall to ﬂuid. As in the previous case, the
presence of viscous dissipation may lead Nux to increase with X reaching a maximum value and then decreas-
ing to X = 1, especially when M decreases. When Ec is large the heat may ﬂow from the ﬂuid region to the-0.3
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2032 J.Z. Jorda´n / Applied Mathematical Modelling 31 (2007) 2019–2033wall, and a negative value of Nux may be obtained, (oh/oY)Y=0 > 0, as happens for Ec = 2.0 with X > 0.92 and
for Ec = 3.0 with X > 0.62. In contrast to the case when Ec is low, Nux is positive, (oh/oY)Y=0 < 0, implying
that the heat transfer goes from wall to ﬂuid.
Fig. 10 shows the axial evolution (X-direction) of the local Nusselt number for air (Pr = 0.7) with V0 = 0.1,
M = 1.0, for various values of R (0.05 and 0.1) and of Ec (0, 1.0 and 2.0). An increase in the Eckert number
leads to a decrease in the local Nusselt number, while greater thermal radiation causes a decrease in the local
Nusselt number. As in the previous case, the presence of viscous dissipation may lead Nux to increase with X
to reach maximum value and then decrease to X = 1. This maximum value is reached at lower values of X
when the thermal radiation increases.
5. Conclusions
In this paper, a new network model is proposed for the numerical solution of 2D transient free-convection
ﬂow of a viscous dissipative non-gray ﬂuid along a semi-inﬁnite vertical porous plate subjected to a constant
magnetic ﬁeld in the presence of thermal radiation. The origin of this method lies in the theory of electric cir-
cuits, although it is necessary to develop an electro-motion analogy based on the existing electro-thermal
analogy.
With this numerical method, it is possible to visualise directly the evolution of the local and/or integrated
transport variables (velocities, temperatures, ﬂuxes) at any point or section of the medium. The time deriva-
tives are not replaced by ﬁnite diﬀerences.
A systematic study on the eﬀects of these parameters on ﬂow and heat transfer parameters is carried out,
the principally deductions being the following:
(i) When wall suction (V0 > 0) is considered both the velocity and temperature ﬁelds are reduced. However,
the opposite behaviour is observed if wall injection (V0 < 0) is considered.
(ii) An increase in radiation leads to an increase of both velocity and temperature.
(iii) An increase in viscous dissipation leads to an increase of both velocity and temperature.
(iv) An increase in the magnetic parameter leads to an increase in the temperature proﬁle and a decrease in
the velocity proﬁle.
(v) An increase in the Eckert number leads to an increase in local skin-friction.
(vi) An increase in the magnetic ﬁeld leads to a decrease in local skin-friction.
(vii) An increase in the radiation parameter leads to an increase in local skin-friction.
(viii) An increase in the suction parameter leads to an increase in the local skin-friction and local Nusselt
number.
(ix) An increase in the Eckert number leads to a decrease in the local Nusselt number.
(x) In the absence of viscous dissipation, an increase in the magnetic parameter leads to a decrease in Nusselt
number.
(xi) An increase in the radiation parameter leads to a decrease in the local Nusselt number.
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